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Abstract

In group testing, the goal is to identify a subset of defective items within a larger set of items
based on tests whose outcomes indicate whether at least one defective item is present. This
problem is relevant in areas such as medical testing, DNA sequencing, communication protocols,
and many more. In this report, we study (i) a noisy version of the problem, where each test
outcome is independently flipped with some constant probability, and (ii) a sparsity-constrained
version of the problem, in which the testing procedure is subjected to one of the following two
constraints: items are finitely divisible and thus may participate in at most v tests; or tests are
size-constrained to pool no more than p items per test. Under each of these settings, considering
the for-each recovery guarantee with asymptotically vanishing error probability, we introduce
a fast splitting algorithm and establish its near-optimality not only in terms of the number
of tests, but also in terms of the decoding time. While the most basic formulations of our
algorithms require €2(n) storage for each algorithm, we also provide low-storage variants based
on hashing, with similar recovery guarantees.

Subject Descriptors:
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F.2 Analysis of Algorithms and Problem Complexity
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G.2 Discrete Mathematics

Keywords:
Group Testing, sparsity, sublinear-time decoding

Implementation Software and Hardware:
R



Acknowledgement

I am deeply indebted to my supervisor Prof. Jonathan Scarlett for advising me on this project.
He is very supportive and patient with me during the entire course of this research (and in fact,
for most of my undergraduate years). Under his guidance, I learnt a great deal about numerous
aspects of academic research. It has truly been a great pleasure to study and research under
him, and I could not have asked for a better role model, teacher, and supervisor.

I would also like to extend my gratitude to the amazing teachers who have helped devel-
oped my foundations in Computer Science and Statistics. In particular, I would like to thank
Prof. Kim Cuc (Daisy) Pham and Prof. Wanjie Wang for their superb teaching and advice.

Thanks should also go to my bright and motivated friends who have supported me along
the way, especially Andrew Tan, Sean Ng, Gary Goh, Nicholas Teh, Kang Tze Ng, Heng Guang
Lim, Sebastian Lie, Kenneth Goh, and Yanxun Wang for stimulating discussions and a source
of encouragement.

Lastly, my deepest gratitude goes to my family for their omnipresent warmth and support.



List of Figures

2.1
2.2

3.1

3.2

4.1

Tree structure of our algorithm for the noisy setting. . . . . .. ... ... . ...
In the case of [ < logyn — 1 (i.e., there are at least r levels below the node), the
diagram on the left shows an example of a length-r path. Otherwise, we have
[ > logyn —r (i.e., there are less than r levels below the node), and the diagram
on the right shows an example of a length-r path. . . . . .. ... ... ... ...

Tree structure of our algorithm. From the second level onwards, the branching
1

factor is M Y=1. . . . . . . e
Plot of the asymptotic quantity n (see (3.6)) against the sparsity parameter 6
for the converse (i.e., the lower bound) [1], the DD algorithm [1], the COMP
algorithm [2], and our splitting algorithm (with v =4 and y=10). . . . . . . ..

Tree structure of our algorithm. From the second level onwards, the branching

factor is pY/C. . . .

v



List of Tables

1.1

1.2

Overview of existing noisy non-adaptive group testing results under the for-each
guarantee. A construction is said to be explicit if its test matrix can be computed
deterministically in polynomial time, and in the final row, € is an arbitrarily small
positive constant. . . . . . . .. L L L
Overview of existing noiseless non-adaptive group testing results for non-adaptive
sparsity-constrained group testing under the for-each guarantee. For entries con-
taining O(-) notation, the results correspond to m error probability, but
more general variants are also available. A construction is said to be explicit if
its test matrix can be computed deterministically in polynomial time; the results

shown for explicit constructions additionally require k = O(y/n). . . . . ... ..



Table of Contents

Title i
Abstract ii
Acknowledgement iii
List of Figures iv
List of Tables v
1 Introduction 1
1.1 Problem Setup . . . . . . . . e 2
1.1.1 Noisy Setting . . . . . . . . . e 3

1.1.2 Sparsity-Constrained Setting . . . . . . . . .. ... 3

1.2 Related Work . . . . . . . . e 5

1.3 Summary of Results . . . . . . . . . ... 6

2 Algorithm for the Noisy Setting 9
2.1 Description of the Algorithm . . . . . . .. .. .. .. .. ... . ... ...... 9
2.2 Algorithmic Guarantees . . . . . . . . . . . .. 11
2.3 Analysis . . . .. 12
2.3.1 Analysis of Levels | =logy k,...,logon —1 . . ... ... ... ... ... 12

2.3.2  Analysis of the Final Level . . . . ... ... ... ... .. ... ..... 16

2.3.3 Number of Tests, Error Probability, and Decoding Time . . . . . . . . .. 16

3 Algorithm for Finitely Divisible Items 20
3.1 Description of the Algorithm . . . . . ... ... ... ... ... ......... 21
3.2 Algorithmic Guarantees . . . . . . . . . . . . . ... 21
3.3 Analysis . . . . 24
3.3.1 Bounding Nigtal - - « « « =+« v v e e e e e e e e 26

3.3.2 Analysis of the Final Level . . . . ... ... ... ... ... ... .. 29

3.3.3 Number of Tests, Error Probability, and Decoding Time . . . . . . . . .. 30

4 Algorithm for Size-Constrained Tests 31
4.1 Description of the Algorithm . . . . . . . . . ... ... 32
4.2 Algorithmic Guarantees . . . . . . . . . . ... 32
4.3 Analysis . . . . .o 33
4.3.1 Analysisof Levels {=1,...,C—1 . .. ... ... ... ... ....... 36

4.3.2 Analysis of the Final Level . . . . . . . ... ... .. ... ........ 37

4.3.3 Number of Tests, Error Probability, and Decoding Time . . . . . . .. .. 38

vi



5 Storage Reductions via Hashing

5.1

5.2

5.3

Noisy Setting . . . . . . . . . o

5.1.2 Outline of Analysis . . . . . . . . . . . L
Finitely Divisible Items . . . . . . . . . . . . ...

5.1.1 Algorithmic Guarantees
5.2.1 Algorithmic Guarantees

5.2.2 Analysis . . . ...
Size-Constrained Tests . . . . . . . . . . . e

5.3.1 Algorithmic Guarantees

5.3.2 Outline of Analysis . . . . . . . . . . ...

6 Conclusion

vil



Chapter 1

Introduction

In the group testing problem, the goal is to identify a small subset S of defective items of size
k within a larger set of items of size n, based on a number T of tests. This problem is relevant
in areas such as medical testing, DNA sequencing, and communication protocols [3, Sec. 1.7],
and more recently, utility in testing for COVID-19 [4, 5, 6]. Some important distinctions [3] in

group testing are as follows:

e Adaptive vs. non-adaptive. Under adaptive testing, the test pools are designed se-
quentially, and each one can depend on the previous test outcomes. Under non-adaptive
testing, the test pools are designed in advance before the testing process. This makes

parallel implementation of the tests more viable.

e Noiseless vs. noisy testing. Under noiseless testing, we are guaranteed that the test
procedure works perfectly: We get a negative test outcome if all items in the testing pool
are non-defective, and a positive outcome if at least one item in the pool is defective.
Under noisy testing, errors can occur, either according to some specified random model

or in an adversarial manner.

e Known vs. unknown number of defectives. This distinguishes algorithms that need
to be given the true number of defectives (or require estimation of the number of defectives

first), and those that do not.



e For-all vs. for-each guarantees. In combinatorial (for-all) group testing, one seeks to
construct a test design that guarantees the recovery of all defective sets up to a certain
size with zero error probability. In contrast, in probabilistic (for-each) group testing, the

test design may be randomized, and the algorithm is allowed some small error probability.

In this report, we present algorithms for noisy and sparsity-constrained (bounded tests-per-
item or items-per-test) variants of group testing with a near-optimal sublinear decoding time,
building on techniques recently proposed for the unconstrained noiseless group testing problem
[7, 8]. These extensions come with new challenges presented by the need to handle both false
positive and false negative tests in the noisy setting, and the infeasibility of the designs in [7, 8]

in the sparsity-constrained setting.

1.1 Problem Setup

Let n denote the number of items, which we label as {1,...,n}. Let S C {1,...,n} denote
the fixed set of defective items, and let k& = |S| be the number of defective items. To avoid
cumbersome notation, we present our algorithms in a form that uses k directly; however, the
analysis goes through unchanged when an upper bound k > k is used instead, and k replaces k
in the number of tests and decoding time.

We are interested in asymptotic scaling regimes in which n is large and k is comparatively
small, and thus assume that k& = o(n) throughout. We let T = T'(n) be the number of tests
performed. In the noiseless setting, the i-th test takes the form

y®=\/x{, (1.1)

JjES
where the test vector X(®) = (Xfi), e ,XT(Li)) € {0,1}" indicates which items are are included
in the test, and Y e {0,1} is the resulting observation, indicating whether at least one
defective item was included in the test. The goal of group testing is to design a sequence of
tests XM ... XD with T ideally as small as possible, such that the outcomes can be used

to reliably recover the defective set S with probability close to one, while ideally also having



a low-complexity decoding procedure. We focus on the non-adaptive setting, in which all tests
XM X must be designed prior to observing any outcomes.

We consider the for-each recovery guarantee; specifically, we seek to develop a randomized
algorithm that, for any fixed defective set S of cardinality k, produces an estimate S such that
the error probability P, := P[g % S] is asymptotically vanishing as n — oo. For all of our
algorithms, only the tests {X (z’)}iT:1 will be randomized, and the decoding procedure will be
deterministic given the test outcomes.

Notation. Throughout the report, the function log(-) has base e, and we make use of
Bachmann-Landau asymptotic notation (i.e., O, o, Q, w, ©), as well as the notation 6(), which

omits poly-logarithmic factors in its argument.

1.1.1 Noisy Setting

Generalizing (1.1), we consider the following widely-adopted symmetric noise model:
Y _ ( \ X;“) o7 (1.2)
jeS
where Z ~ Bernoulli(p) for some p € (0,1/2), and & denotes modulo-2 addition. While the
symmetry assumption may appear to be restrictive, our results and analysis will hold with
essentially no change under any non-symmetric random noise model where 0 — 1 flips and

1 — 0 flips both have probability at most p.

1.1.2 Sparsity-Constrained Setting

In the sparsity-constrained group testing problem [2], the testing procedure is subjected to one

of two constraints:
e Items are finitely divisible and thus may participate in at most v = o(logn) tests;
o Tests are size-constrained and thus contain no more than p = o(n/k) items per test.

For instance, in the classical application of testing blood samples for a given disease [9], the -
divisible items constraint may arise when there are limitations on the volume of blood provided

by each individual, and the p-sized test constraint may arise when there are limitations on the



number of samples that the machine can accept, or on the number that can be mixed together
while avoiding undesirable dilution effects.

It is well known that if each test comprises of ©(n/k) items, then ©(min{n, klogn}) tests
suffice for group testing algorithms with asymptotically vanishing error probability [10, 11, 12,
13]. Moreover, this scaling is known to be optimal [14]. Hence, the parameter regime of primary
interest in the size-constrained setting is p = o(n/k). By a similar argument, the parameter
regime of primary interest in the finitely divisible setting is v = o(logn).

It was shown in [2] that in the case of finitely divisible items, if the tests are subject to random
noise of the form in (1.2), then the error probability is bounded away from zero regardless of the
total number of tests whenever v = o(log k). Thus, at least in most scaling regimes of interest,
handling noise and finite-divisibility constraints simultaneously would require changing the noise
model and/or the recovery criteria, and we make no attempt to do so. On the other hand, for
noisy size-constrained tests, schemes that attain asymptotically vanishing error probability do
indeed exist [2]. However, the techniques that we introduce for the noisy setting and the size-
constrained setting appear to be incompatible (see Chapter 6 for a brief explanation); we thus
only consider the two separately, and leave their combination for future work.

Mathematical and Computational Assumptions. For all algorithms presented in this
report, we assume a word-RAM model of computation; for instance, with n items and T tests,
it takes O(1) time to read a single integer in {1,...,n} from memory, perform arithmetic
operations on such integers, fetch a single test outcome indexed by {1,...,7"} and so on.

For simplicity of notation, we assume throughout the analysis that k, n, and p are powers
of two. Our algorithm only requires an upper bound on the number of defectives, and hence,
any other value of k can simply be rounded up to a power of two. In addition, the total number
of items n can be increased to a power of two by adding “dummy” non-defective items, and p
can be rounded down without impacting our final scaling laws (we do not seek to characterize

the precise constants).



Reference Number of tests Decoding time Construction
Lower Bound [15] Q(klog %) - -

Inan et al. [18] O(klogn) Q(n) Explicit

Inan et al. [19] O(klogn) O(k? -logk + klogn) Explicit
NCOMP & NDD [10, 20, 17] O(klogn) Q(n) Randomized
GROTESQUE [21] O(k -logk -logn) | O(k(logn +log®k)) | Randomized
SAFFRON [22] O(k -logk -logn) O(k -logk -logn) Randomized
BMC [23] O(klogn) O(k? - logk - logn) Randomized
This report O(klogn) @) ( (k log %) 1+6) Randomized

Table 1.1: Overview of existing noisy non-adaptive group testing results under the for-each guar-
antee. A construction is said to be explicit if its test matrix can be computed deterministically

in polynomial time, and in the final row, € is an arbitrarily small positive constant.

1.2 Related Work

While extensive works have studied the number of tests for various group testing strategies
(see [3] for a survey), relatively fewer have sought efficient poly(klogn) decoding time. For
the standard noiseless group testing problem, the most relevant existing results come from two
recent concurrent works [7, 8], which showed that there exists a non-adaptive group testing
algorithm that succeeds with O(klogn) tests and has O(klogn) decoding time. We will build
on their splitting techniques to develop our algorithms in this report (see Figures 2.1, 3.1, and
4.1 below).

For noisy non-adaptive group testing under the noise model in (1.2), the most relevant
existing results are summarized in Table 1.1. Under Q(n)-decoding time, we note that the
references shown are only illustrative examples, and that several additional works also exist with
O(klogn) scaling, e.g., [15, 16, 17]. More relevant to our work is the fundamental limitation
that the works attaining O(klogn) scaling only attain a quadratic or worse dependence in k
in the decoding time (or ©(n)). On the other hand, GROTESQUE and SAFFRON attain

k poly(logn) decoding time, but fail to attain order-optimality in the number of tests.



For (noiseless) sparsity-constrained group testing, we present a summary of previous algo-
rithms attaining the for-each recovery guarantee in Table 1.2. Our algorithm for finitely divisible
items matches that of the COMP algorithm! in the number of tests when v = w(1) (and comes
close more generally), while having much lower decoding time. Furthermore, our algorithm for
size-constrained tests succeeds with an order-optimal O(n/p) number of tests, with matching
O(n/p) decoding time.

In a distinct but related line of works, the for-all recovery guarantee (i.e., zero error proba-
bility) was considered [24, 25, 26, 27], with typical results for the unconstrained setting requiring
O(k?logn) tests and poly(klogn) decoding time. In the sparsity-constrained setup, [27] gives a
lower bound of 2 ( min {n, k:v—QilkJrk nv—ﬁ }) and an algorithm that requires O( min {n, knv—iﬁk })
tests and runs in poly(k) + O(T") time for the y-divisible items, and a lower bound of Q(kz%)
and an algorithm that requires 7' = O(k%) tests and runs in poly(k) + O(T) time for the p-
sized tests. Under all variants of the group testing problem, the stronger zero-error-probability
guarantee comes at the price of requiring considerably more tests, and we thus omit detailed

comparisons to our results.

1.3 Summary of Results

Here we informally summarize our main results, formally stated in Theorems 2.2.1, 3.2.1, and

4.2.1.

e Noisy setting: For any parameters ¢t = O(1) and € € (1/¢,1), there exists a non-
adaptive group testing algorithm that succeeds with probability 1— O((k log %) l_et) using

O(klogn) tests and O((k log %) 1+E) decoding time.

1

e Finitely-divisible items: A special case of our result states that for any 3, = Soly(logm)

there exists a non-adaptive group testing algorithm that succeeds with probability 1 —

O(Br) using 5(71{:711/7) tests and O('yknl/v) decoding time provided that v = w(1). The

1The COMP algorithm simply labels any item in an negative test as non-defective, and all other items as

defective.



Reference Number of tests Decoding time | Construction
Lower Bound [28, 29, 1] | Q(ykmax {k, 2}"") - -
é Gandikota et al. [2] O(7k2 (%)1/7) O(k:2 log (l%)) Explicit
5} ~
= COMP [2] O(ykn'/7) Q(n) Randomized
= 1+o(1)
e DD [29, 1] O(vkmax {k, 2} ) Q(n) Randomized
?»
This report O(~vknt/7) O(ykn'/7) Randomized
. Lower Bound [2, 1] Q(%) - -
§ O(max {2 log p,
2 Gandikota et al. [2] ( {p o(T) Explicit
7 K log (1) })
&
COMP & DD [2, 1] O(%) Q(n) Randomized
This report O(%) O(%) Randomized

Table 1.2: Overview of existing noiseless non-adaptive group testing results for non-adaptive
sparsity-constrained group testing under the for-each guarantee. For entries containing 5()

notation, the results correspond to error probability, but more general variants are

1
poly(logn)
also available. A construction is said to be explicit if its test matrix can be computed deter-

ministically in polynomial time; the results shown for explicit constructions additionally require
k= 0(y/n).

case of finite v will also be handled with only slightly worse scaling laws, and we will

specify the precise dependence on (3, without resorting to 5() notation.

e Size-constrained tests: For any ¢ > 0, there exists a non-adaptive group testing algo-
rithm that succeeds with probability 1 — O(n_C) using O(n / p) tests and O(n / p) decoding

time.

In the noisy setting, we significantly improve on the best previous known decoding time among
any algorithm using an order-optimal O(klogn) number of tests. Specifically, [23] incurred
a quadratic dependence on k, whereas we incur a near-linear dependence. Similarly, in the

sparsity-constrained setting, we attain a decoding time that matches the number of tests where

previous algorithms using the same number of tests incurred Q(n) decoding time.



While our focus is on the number of tests and decoding time, another important practical
consideration is the storage required. Naively, the algorithms attaining the above results require
Q(n) storage. However, in Chapter 5, we discuss storage reductions via hashing, attaining
identical results with sublinear storage in the noisy and size-constrained settings, and similar

(but slightly weaker) results in the finitely-divisible setting.



Chapter 2

Algorithm for the Noisy Setting

Our algorithm for the noisy setting resembles the non-adaptive binary splitting approach of [7,
8], where we first test large groups of items together, placing each group into a single randomly-
chosen test among a sequence (i.e., subset) of tests. Afterwards, these groups are “split” into
smaller sub-groups, while using the previous test outcomes to eliminate those believed to be
non-defective. This process is repeated—with the elimination step ensuring that the number
of groups under consideration does not grow too large—until a superset of § is found. Finally,
S is deduced from the superset via a final sequence of tests. We can visualize this using a tree
(see Figure 2.1), where each level of the tree represents a stage of the splitting process, each
node represents a group of items, and each split creates two edges.

The main difference between our noisy algorithm and [7, 8] is that when deciding whether
a given node is defective or not, we have to look several levels further down the tree (instead
of only considering the single test outcome of the given node). This somewhat complicates the
analysis, and leads to a small increase in the decoding time. Additionally, in order to reduce

the effective noise level, each node in the tree is placed in multiple tests, rather than just one.

2.1 Description of the Algorithm

Following [7, 8], our algorithm considers a tree representation (see Figure 2.1), in which each

node corresponds to a set of items. The levels of the tree are indexed by | = logy k, ... ,logsn



Tree Structure: Test Sequences:

. N X Tiep tests/level

l=logzn@ooooooooooooooocooooo@ C’Nlogznx TllenteStS

Figure 2.1: Tree structure of our algorithm for the noisy setting.

and the j-th node at the I-th level is denoted by QJ(-Z) C {1,...,n}. The algorithm works down
the tree one level at a time, keeping a list of possibly defective (PD) nodes, and performing tests
to obtain such a list at the next level. When we perform tests at a given level, we treat each
node as a “super-item”; including a node in a test amounts to including all of the items in the
corresponding node QJ(-Z). In addition, for the tree illustrated in Figure 2.1, we refer to nodes
containing at least one defective item as defective nodes, to all other nodes as non-defective
nodes, and to the sub-tree of defective nodes as the defective tree.

The testing is performed as follows: At each level of the tree, N sequences of tests are
formed, each having length Tie, (i.e., a total of NTje, tests per level). For each node and each
of the N sequences, the node is placed into a single test, chosen uniformly at random among
the Tie, tests.

We make an important distinction between the intermediate label and final label of a given

node:

e The intermediate label is formed via majority voting of the N tests that the node is

included in.

e To obtain the final label of a given node, we look at the intermediate labels of all nodes
up to r levels below the given node. If there exists any length-r path below the given node
with more than r/2 positive intermediate labels, then we assign the node’s final label to

be positive. Otherwise, we assign it to be negative.

According to the tree structure in Figure 2.1, once we reach the later levels, there may be fewer

10



length-r paths

intermediate
labels of nodes in
the final level

Figure 2.2: In the case of [ < logyn — r (i.e., there are at least r levels below the node), the
diagram on the left shows an example of a length-r path. Otherwise, we have [ > log, n—1r (i.e.,
there are less than r levels below the node), and the diagram on the right shows an example of

a length-r path.

than r levels remaining. To account for such cases, we simply ensure that sufficiently many

tests are performed at the final level so that a length-r “path” can be formed (here, no further

branching is done, and each “node” is the same singleton); see Figure 2.2 for an illustration.
With the above notation and terminology in place, the overall test design is described in

Algorithm 1, and the decoding procedure in Algorithm 2.

2.2 Algorithmic Guarantees

Theorem 2.2.1. (Algorithmic guarantees) Let S be a (defective) subset of {1,...,n} of car-
dinality k = o(n). For any constants € > 0 and t > 0 satisfying et > 1, there exist choices
of C,C"N = O(1) and r = O(logk + loglogn) such that with O(k: log n) tests, the preceding

algorithm satisfies the following with probability at least 1 — O((k:log %)1_6t) :
o The returned estimate S equals S;

e The decoding time is O((klog %)HG).

11



Algorithm 1 Testing procedure for the noisy setting

Require: Number of items n, number of defective items k, and parameters N, C, and C’
1: Initialize Tien = Ck and T}, = k.

2: for each [ =logy k,...,logyn — 1 do

3:  for each iteration in {1,..., N} do
4: for j=1,2,...,2 do
5: Place all items from each node Qj(.l) into a single test in a sequence of length Tiey,

chosen uniformly at random.
6: At level | = logy n, form C’'N log, n sequences of tests, each of length T}, .
7. for each singleton at the final level do
8:  for each of the C'N log, n test sequences do

9: Place the singleton in one of the corresponding 7. tests, chosen uniformly at random.

2.3 Analysis

The outline of the analysis is as follows:

o We first consider levels | = logy k, ... ,logen — 1, and bound the probability that any node
among three kinds—non-defective nodes at Iy, defective nodes, and non-defective child
nodes of defective nodes—are identified wrongly. Note that we do not have to consider
other nodes, because if none of the nodes of these three kinds are identified wrongly, then

the algorithm would not explore any of the other nodes when decoding.

e Conditioned on the correct identification of nodes of these three kinds, we consider the

final level [ = logy n and provide a bound for its error probability.

2.3.1 Analysis of Levels [ =log, k,...,log,n — 1

We consider defective and non-defective nodes separately.

1(33 (respectively, péi)al) be the probability that the intermediate

Defective nodes: Let p
label (respectively, final label) of a given defective node is flipped from a one to a zero. Note

that these may vary from node to node, but we will give upper bounds that hold uniformly.

12



For a given defective node, there are only two possible situations for each test it is in: A
positive outcome due to no flip, or a negative test outcome due to a 1 — 0 flip. Hence, the
number of negative tests that a given defective node participates in (i.e., the outcome is flipped)

is distributed as Binomial(V,p). By the majority voting of N test outcomes at a given level,

pi(st) is upper bounded by the probability that a given defective node participates in at least N/2

negative tests. Applying Hoeffding’s inequality, we obtain
d 1 2
Pl < exp ( —2N (5 - ) > (2.1)

At this point, we introduce the variable ¢ appearing in the theorem statement. Since exp ( —

—2t .
2o N> 2tlog2+logd " we find that choosing N > 2Llog2+logd opqyres that

2N(1/2 —p)?) < 3(1/2—p)? 2(1/2-p)?

d 2—2t

For the case that | < logy,n — r, we consider the length-r paths below the defective node.
The defective node will be labeled as negative if all 2" paths below it have at least /2 negative
intermediate labels. The probability of this event is upper bounded by the probability that one
particular defective path (i.e., every node along the path is defective) has at least r/2 negative

intermediate labels, which is at most

(o) G507 < aaley ™, 23)

where the left hand side (LHS) is by the union bound, and the right hand side (RHS) is by
(T;2) < 2", This gives pgi)al < (4pi(§t))r/ 2, and substituting (2.2) gives péi)al <27t

For the case that [ > logyn — r (i.e., there are less than r levels below the given node),
the probability of the defective path having at least r/2 negative intermediate labels remains
unchanged, and hence, the preceding bound pf(ii)al < 27 still holds. Note that this step requires

C’logyn > r in order to have enough intermediate labels per node in the final level to “pad”

paths of length less than r (see Figure 2.2), and we will later set C” and r to ensure this.

.(nd)
int

(respectively, plgi?li)l) be the probability that the intermedi-

Non-defective nodes: Let p
ate label (respectively, final label) of a given non-defective node is flipped from a zero to a one.

Again, these may vary from node to node, but we will give upper bounds that hold uniformly.

13



For a given non-defective node, there are four possible situations for each test: A negative out-
come with no flip (i.e., no defectives), a negative outcome due to a 1 — 0 flip (i.e., at least one
defective), a positive outcome with no flip (i.e., at least one defective), and a positive outcome
due to a 0 — 1 flip (i.e., no defectives).

Focusing on one test sequence of length Ti., = Ck for now, let A be the event that a given
non-defective node participates in a positive test, and let B be the event that the given node’s

test contains no defective item. We have

P[A] = P[B] - P[A|B] + P|-~B] - P[A|-B] (2.4)
B p+ %(1 - p) (2.5)
<p+ é, (2.6)

where (a) holds since the probability of being in the same test as a given defective node is
1/Ten = 1/(Ck), and thus the union bound over k defective nodes gives P[-B] < 1/C.
Equation (2.6) implies that for a given non-defective node, the number of positive tests that

it participates in (out of N tests in total) is stochastically dominated by Binomial(NV,p+1/C).

.(nd)
int

Recalling that p is the probability that a given non-defective node participates in at least

N/2 positive tests, Hoeffding’s inequality gives
(nd) 1 1\2
pirrllt < exp ( - QN(§ -—pP— 6) ) (2.7)

where we require 1/2 —p—1/C > 0 < C > 2/(1 — 2p). Hence, we set C = [2/(1 — 2p)] + 1.

Since exp ( — 2N (1/2 —p — 1/C)?) < QI—G% & N > %, we find that choosing N >

2t log 2+log 16

3(1/2—p—1/C)2 cnsures that

—2t
(nd) _ 2
T

(2.8)
For the case that [ < logysn — 7, we look at the length-r path below the non-defective node.
The non-defective node will be labeled as positive if any of the 2" paths below it has more than

r/2 positive intermediate labels. By union bound over all 2" paths, this probability is upper

bounded as follows, similar to (2.3):

2 (], ) 6807 < 2 (@) < (1605 (29)
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This gives p(nd) < 16p(nd) v/ 2, and substituting (2.8) gives p(nd) <27t
final final

int
Similarly to the defective nodes handled above, the case that [ > logy n—1r follows essentially
unchanged; while the above analysis has an additional union bound over 2" paths, the number
of paths when | > logy n —r only gets smaller. Hence, the preceding bound on pf(;;i)l <27 also
holds in this case.

Combining the defective and non-defective cases: Taking the more stringent require-

ment on N in the above two cases, we set

2t log 2 + log 16
gt 08 1 (2.10)

V- |t
and we observe that regardless of the defectivity of a given node, the probability of the node’s
final label being wrong is at most 27",

Next, we upper bound the probability that any node among three groups—mnon-defective
nodes at [y, defective nodes, and children nodes of all defective nodes—is identified wrongly.
Note that if all such nodes are identified correctly, then the branching is only ever continued for
defective nodes, and it follows that at most 2k nodes remain at the final level (analyzed below).

Since there are logy(n/k) levels and k defectives, the number of non-defective children nodes
of defective nodes is at most klogy(n/k), and the number of non-defective nodes at Iy, is at
most k. Summing these up, we have at most 2k log,(n/k)+k nodes. By taking the union bound
over all 2klogy(n/k) 4+ k nodes, the probability of making an error in identifying any node in
the mentioned three groups is at most 27" (2klogy(n/k) + k). This can be upper bounded by

a given target value /3, (approaching zero as n — oo), provided that

—tr ﬁ <

2 <2klog2 (k> + k) < B, (2.11)

which rearranges to give
1 2k n k
> = = —)+— ). .
r> tlogQ <Bnlog2 (k>+ﬂn> (2.12)
By choosing
1 3k n

we deduce that the probability of any wrong decision is upper bounded by £,.
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2.3.2 Analysis of the Final Level

Recall from the analyses of (2.2) and (2.8) that given our choice of N in (2.10), regardless of
the defectivity of a given node, the probability of a wrong intermediate label—let us call this
Pint—is at most 272! /4. To get the final label of each node (singleton), we conduct a majority
voting of C’log,n intermediate labels. Hence, a given node is labeled wrongly when it has
at least (C"logymn)/2 wrong intermediate labels. This gives the following upper bound on the

probability of a wrong final label, denoted by pgnar:

C'logy n (C'logy m)/2 (C'logyn)/2 (Y o
- < (4piy 2 < gt logam 2.14
Pfinal < <(C,10g n)/2> (Pint) < (4pint) < , (2.14)

where (a) uses pi < 272¢/4. Taking the union bound over all n nodes at the final level, we get
n(2_tcl logan) = n(n_tcl) = 0(n' %", (2.15)

which approaches zero as n — oo as long as tC’ > 1. Note that while we show that all n nodes
(singletons) at the final level will be correctly identified, only at most 2k will be used by the
algorithm. This is because we have shown earlier in (2.11) that with probability 1 — 3,, all
non-defective nodes at [,i,, all nodes in the defective tree, and all children nodes of all defective

nodes, are correctly identified, which implies that |73D(1°g2 ")| < 2k.

2.3.3 Number of Tests, Error Probability, and Decoding Time

For convenience, we restate all the values that we have assigned in our analysis above:

0:[1_22%1:0(1) (2.16)

—0(t) (2.17)

N— [ 2tlog 2 + log 16 —‘
2(1/2-p—-1/C)?

1

Tt

log, @’j log, (Z)) - 0(1 log (klogg/k))) (2.18)

where p € (0,1/2) is the noise level. Now, we choose t = O(1) and 3, = (klogz(n/k))l “ for

some constant € € (1/¢,1). Choosing 8, = (k logQ(n/k‘))l_d in (2.18) gives
1 3klog,(n/k 1 ny\\ €
r = —log, ( 2(n/ 1)6t> = —log, (3(klog2 (%)) ) (2.19)
3 (k logQ(n/k)) t
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Recall that we require C'logyn > r, or equivalently C’ > r/logyn. Substituting (2.19) into

C’ > r/logy n, we find that we require

i logs (3(klog, (1))
logy n

' >

: (2.20)

Since € is constant, we choose a C/ = O(1) that is large enough to satisfy (2.20). With our

choices of C,C’', N,t = O(1) and S, = @((klog n)lfft), we obtain the following:

e Number of tests: We used CNk tests per level for [ = logy k,...,loggn — 1. At the

final level | = logy n, we used CC'Nklog, n tests. Summing these together gives
n / (a)
T < CNklog, <E) +CC'Nklogyn 2 O(klogn), (2.21)
where (a) follows by substituting C,C’, N = O(1) and simplifying.

e Error probability: Combining the error probabilities from all levels, we have a total

error probability of at most

By +O(n' 1) = O((k log (:))1t) (2.22)

by substituting 8, = (klogy(n/ If))lfﬁe and choosing C’ sufficiently large.

e Decoding time: The decoding time depends on the number of test outcome checks made.
For [ = logyk,...,logon — 1, w.h.p.,! we involved O(k log %) nodes in total. For each
node involved, we checked at most > ;_; 2" = O(2") (2.18) O((%)l/ t) intermediate
labels of other nodes to decide the final label of the given node. For each these nodes

being checked, we checked N = O(t) test outcomes to determine the intermediate label.

Therefore, the decoding time for these levels is

okiog () - (“UEME) ), (2.23)

At the final level | = logy n, we have already shown that w.h.p., at most 2k nodes remain

possibly defective. For each such node, we checked C”log, n intermediate labels to decide

'Here and subsequently, we write with high probability (w.h.p.) to mean holding under the high-probability

events used in proving that the algorithm succeeds.
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the final label of the given node. To decide each intermediate label, we checked N = O(t)
test outcomes. Therefore, the decoding time is O(2k - C'logn - t). Summing this with

(2.23) gives us the total decoding time of

O<k log (%) : (W)l/t . t> +0(2k - C'logn - t) = O((klog %)”6), (2.24)

by substituting C’,¢ = O(1) and 8, = (k logQ(n/kz))ket, and noting that the O(klogn)

term is dominated by O((k:log %)1+6) regardless of the scaling of k.
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Algorithm 2 Decoding procedure for the noisy setting

Require: Outcomes of T non-adaptive tests, number of items n, number of defective items k,

1:

2:

3:

4:

10:

11:

12:

13:

14:

15:

and parameters N, C, C’, and r
Initialize PD(tmin) = (G where lyin = logy k.
for | =logyk,...,loggn — 1 do
if [ <logyn — r (i.e., there are at least r levels below the node) then
for each group G € PPV do
Evaluate the intermediate labels of all nodes r levels below G.
else if [ > logyn — r (i.e., there are fewer than r levels below the node) then
for each group G € PPV do
Evaluate the intermediate labels of all nodes all levels below G except the final level.
for each node reached at the final level do
Iterate through the C'Nlogyn test outcomes in batches of size N: Conduct a
majority vote for each batch to obtain an intermediate label for the node.
Use intermediate labels from each node in the final level to make up paths of length
r (see Figure 2.2).
If 3 a path with more than r/2 positive intermediate labels, then assign G’s final label to
be positive. Otherwise, assign G’s final label to be negative.
If the final label of G is positive, then add both children of G to PDU+1),
At the final level, for each node (singleton), repeat step 10 to obtain C”logy n intermediate
labels for the node, and conduct a majority vote for the node’s intermediate labels to obtain
its final label.

Return S containing the elements of singletons in PDUg2 ™) with a positive final label.
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Chapter 3

Algorithm for Finitely Divisible

Items

Under finitely-divisible items, we again build on the non-adaptive binary splitting approach of

[7, 8], with the following main differences (see Figure 3.1):

e We use a shorter tree of height v < . This is because a given item is placed in a single
test at each level, so the assumption v = o(logn) prohibits us from having O(log n) levels.
We consider 7/ < ~ so that the remaining budget can be used at the final layer, and we

later optimize 7/ to minimize the number of tests.

e In view of the shorter height, we use non-binary splitting; this was considered under adap-
tive testing in [28, 29], and our algorithm can be viewed as a non-adaptive counterpart, in
the same way that [7, 8] can be viewed as a non-adaptive counterpart of Hwang’s binary

splitting algorithm [30].

e In contrast to the unconstrained setting, we cannot readily use the idea of using N se-
quences of tests at each level while only increasing the number of tests by a factor of
N = O(1). Here, such an approach turns out to be highly wasteful in terms of its use of

the limited ~ budget, and we avoid it altogether.

e At the top level of the tree (excluding the root), we use individual testing (i.e., each node
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has its own test). This guarantees that no non-defective node from the second level can

“continue” down the tree, which simplifies our analysis.

3.1 Description of the Algorithm

The levels of the tree, summarized in Figure 3.1, are indexed by [ = 0,1,...,4. Since testing

at the root is not informative (we will always get a positive outcome), we start our testing

1

procedure at [ = 1 (the second level of nodes in Figure 3.1). We choose! M = (n/k) WIWT ,
Tien = Ck(n/k)Y? and Ty, = +'k(n/k)"/", where C' is a constant. Here the choice of M is
taken to match the near-optimal adaptive splitting algorithm of [28], and the choices of Tje, and
T}, are motivated by the goal of having a number of tests matching the COMP algorithm (see
Table 1.2). Under these preceding choices, the total number of tests (excluding the last level)

is given by
1
_ 1 (YA
—O<fykz(k) ) (3.1)

The overall testing procedure is described in Algorithm 3, and the decoding procedure is de-

scribed in Algorithm 4. The j-th node at the I-th level is again written as QJ@.
Here and subsequently, we assume that v > 3. We note that the case v = 1 is trivial, and
while v = 2 could be handled by omitting the step at level [ = 7/ containing T}, tests, this

variant is omitted for the sake of brevity.

3.2 Algorithmic Guarantees

Theorem 3.2.1. (Algorithmic guarantees) Let S be a fized (defective) subset of {1,...,n} of

cardinality k, let v = o(logn) (with v > 3) be the mazimum number of times each item can be

tested, and fizrv' € {3,...,v} and any function B, decaying as n increases. There exist choices®

'Here and subsequently, we assume for notation convenience that (n/k)/” and (n/k)'/ 7" are integers. Since

we focus on scaling laws, the resulting effect of rounding has no impact on our results.

’ ’ 1
?Specifically, we will set Tien = O (k(n/k)"/""), Ti.n = v'k(n/k)*/"", and T}, = k(k/ﬁn)w—i’#—l (n/k)"G="4D)
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Tree Structure: Test Sequences:

n/M tests

Tien tests/level

Tiop tests

Tyen tests Xy-y'+1

Figure 3.1: Tree structure of our algorithm. From the second level onwards, the branching

1
factor is M '-1.

of Tien, T1,, and T}, such that with

en’ len

T — O(’yk: max { (Z);” <ﬁk;> wfi’Jrl <%) 7’(7*17’+1) }>’ (3.2)

the preceding algorithm satisfies the following with probability at least 1 — O(B,) — e k) .

e The returned estimate S equals S;
e The decoding time is® O(’yk(n/k)l/Vl).

In order to better understand this bound on T', we consider k£ = @(ng) for some 6 € [0, 1),

and 8, = m. We use 5() notation to hide poly-logarithmic factors, and accordingly

omit 3, and focus on the remaining terms. Substituting k& = @(na) into (5.47), we obtain

~ 1-9 o, _1-6

T = O(fyk max {n N R U CTETEnY) }) (3.3)

Momentarily ignoring the integer constraint on «/, we obtain the optimal +' by solving 17_,9 =
ng,ﬂ + 7,(71__79/“), which simplifies to v/ = (1—60)~v. Substituting 4" = (1—0)~ back into (5.47)

gives T' = 6(7]{:711/ 7). In addition, by the same substitution, we obtain O(’yknl/ 'Y) decoding
time. In this case, the bound on 7T is the same as the bound for the COMP algorithm (see

Table 1.2).

3In certain scaling regimes, this decoding time may be lower than the number of tests. This is because the
algorithm sequentially decides which tests outcomes to observe, and does not necessarily end up observing every

outcome.
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Algorithm 3 Testing procedure for y-divisible items
Require: Number of items n, number of defective items k, divisibility of each item -, and

parameters v, M, Tien, T}, and T},

len

1: At I =1, test each node separately in a single test (no randomization).

\v]

: for each 1 =2,3,...,7 —1do

3: if =+ —1 then form a sequence of tests of length T}, .

4:  else form a sequence of tests of length Tiey.

5. forj=1,2,..., %(M)(l_l)/w_l) do

6: Place all items from each group Q](.l) into a single test, chosen uniformly at random.
7. For [ =4/, form v — 4" 4 1 sequences of tests, each of length T} .
8: for each singleton do

9:  for each of the v — ' + 1 sequences of tests do

10: Place the item in one of the corresponding tests, chosen uniformly at random.

In the case that v = w(1), it is straightforward to establish that the integer constraint on

v does not impact the above findings. However, for v = O(1), we need to carefully account

. - . . 1-6 0 1-6
for the integer constraint. We start by noting that the function max{ T 7= T =) }
is convex on [3,7]; this is easily proved by computing the second derivative of each term in

max{.,.}. Since a convex function is monotone on either side of its minimum (in this case

(1 —0)7y), it follows that

, 1—6 [ + 1-6
~' = argmin <7kmax{n v nyy V’(V*V’H)}) (3.4)
v e{3,....7}
3 if (1-6)y<3
_ (3.5)
. 1-0 6 1-6 .
Ve L(Eg;gvr? 1(1(11—0)71} <max{ 7 LT ) }) otherwise.

To see how the splitting algorithm compares to optimal behavior established in [29, 1] (i.e.,
an upper bound for the DD algorithm, and a matching algorithm-independent lower bound)

and the COMP algorithm [2] for different values of «, we introduce the following asymptotic
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Algorithm 4 Decoding procedure for ~-divisible items
Require: Outcomes of T' non-adaptive tests, number of items n, number of defective items k,

divisibility of each item ~, and parameters v/, M, Tien, T, and T}.

len

[

. Initialize PDUmin) = {gj(.lmi“)};‘i ]Y, where lpin = 1.

2: Place all nodes at [ = 1 with a positive test outcome into PP min)

3: for1=2,3,...,7 —1do

4:  for each group G € PDY do

5: Check whether the single test corresponding to G is positive or negative.

6: if the test is positive then add all MY/0'=1) children of g to ppU+1)

7. Let the estimate S of the defective set be the elements in PDO) that are not included in

any of the negative tests from the remaining (y — 4" + 1)T},  tests.

len

8: Return §

quantity:
(3.6)

Observe that for any fixed value of n > 0, re-arranging gives T' ~ yk((%)l/v)(l—i_o(l))/n. With n
defined, we compare the performance in Figure 3.2. We observe that the splitting algorithm’s
curve quickly gets closer to the COMP algorithm’s curve even for fairly low values of v. On
the other hand, matching the DD algorithm’s curve with sublinear decoding time remains an

interesting open challenge for future work.

3.3 Analysis

Throughout the analysis, the defective set S is fixed but otherwise arbitrary, and we condition
on fixed placements of the defective items into tests (and hence, fixed test outcomes and a fixed
defective tree). The test placements of the non-defective items are independent of those of the
defective items, and our analysis will hold regardless of which particular tests the defectives
were placed in. The defective test placements are written as 7gs, and we write P[- | 7s] to denote

the conditioning.
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Figure 3.2: Plot of the asymptotic quantity 1 (see (3.6)) against the sparsity parameter € for
the converse (i.e., the lower bound) [1], the DD algorithm [1], the COMP algorithm [2], and our

splitting algorithm (with v = 4 and v = 10).

We proceed with three lemmas that follow analogous steps to [8]. At level [ = 1, the
probability of a non-defective node being placed in a positive test is zero, because each node is
placed in its own individual test. As for levels [ € {2,...,~" — 2}, we proceed with the following

simple lemma.

Lemma 3.3.1. (Probabilities of Non-Defectives Being in Positive Tests) Under the above test
design, the following holds at any given level | = 2,...,7 —2: Conditioned on any defective test
placements Ts, any given non-defective node at level | has probability at most (1/C)(n/k)~/"

of being placed in a positive test.

Proof. Since there are k defective items, at most k nodes at a given level can be defective.
Hence, since each node is placed in a single test, at most k tests out of the Ck(n/k)Y/ 7 tests
at the given level can be positive. Since the test placements are independent and uniform, it
follows that for any non-defective node, the probability of being in a positive test is at most

k/Tien = k/(Ck(n/k)'/7") = (1/C)(n/k) /7" O
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In view of this lemma, when starting at any non-defective child of any defective node,
we can view any further branches down the non-defective sub-tree as “continuing” (i.e., the
M*'/0'=1) children are marked as possibility defective) with probability at most (1/C)(n/k)~ /",

in particular implying the following.

Lemma 3.3.2. (Probability of Reaching a Non-Defective Node) Under the setup of Lemma
3.8.1, any given non-defective node at distance A from the defective tree is reached (i.e., all

of its ancestors are placed in positive tests, so the node is considered possibly defective) with

probability at most (1/C’)A_1(n/k)(1—A)/7/.

We will use the preceding lemmas to control the quantity Nigal, defined to be the total
number of non-defective nodes that are reached—in the sense of Lemma 3.3.2—among levels
l€{2,...,7 —1}. Tt will be useful to upper bound Niuta for the purpose of controlling the

overall decoding time and the number of items considered at the final level.

3.3.1 Bounding Nigtal

We first present a lemma bounding the average of Niotal-

Lemma 3.3.3. (Bounding Niuta on Average) For any parameters C > 1 and v' > 1, and any

2y
defective test placements Ts, under the choice M = (n/k) ", we have

E[Niotall Ts] = O(V’k(Z)Vl’). (3.7)

Proof. Atlevel l = 1, we use n/M tests for individual nodes. This results in correct identification
of the non-defective nodes, guaranteeing that they will not “continue” to branch. Hence, at
level | = 1, we trivially upper bound the number of non-defective nodes by n/M.

For the remaining levels [ = 2,...,7" — 1, all splits are (M 1/ W‘”)—ary, and each defec-
tive node can have at most M2/("'~1 descendants at distance A. Since there are at most

" — 1, it follows that there are at most

~'k defective nodes in total among levels [ = 1,...,vy
A
~'kM~-1 non-defective nodes at distance A from defective nodes starting at those levels. Fur-

thermore, we established in Lemma 3.3.2 that a distance of A gives a probability of at most
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( 1 )A—l (%)(1—&/7/ of being reached. This gives

C
i A /1\A-1 =2
BNwalTs] < R0 (5) () 7+ 57 )
A=1
T N N N =
— A/ T_ T— s [ e
=~ kM7 IA:1Mw 1(0) (k) + (3.9)
(a) 1 n
< kM7 -+ — 3.10
TSI .
®) (T ¥ 1 n 5
_Vk(k> 1—1/C+k(k:) ’ (3.11)

where (a) applies the geometric series formula (increasing the upper limit of the sum from ~/

-1

to o0), and (b) follows by substituting M = (n/k) 7 O

We now wish to move from a characterization of the average to a high-probability charac-
terization. At this point, we depart somewhat further from the analysis of [8], which is based
on branching process theory, and appears to yield suboptimal results in the case that the tree’s
branching factor scales as w(1).

We introduce the following definition, in which we refer to a full m-ary tree as a tree where

every internal node has exactly m children.

Lemma 3.3.4. [31, Prop. 3.1] (Fuss-Catalan Numbers) For natural integers m,n > 2, the

order-m Fuss-Catalan number

Cath — — 1 <m”> < (mn> < (em)™, (3.12)

(m—1)n+1\ n n

s the number of full m-ary trees with exactly n internal nodes.

We note that the Catalan numbers also played an important role in the analysis of [7],
but were used in a rather different manner that we were unable to extend to obtain a result
comparable to Theorem 3.2.1. In the proof of the following lemma, these are used in a counting

argument in order to establish the sub-exponential behavior of the random variable Nigial.

Lemma 3.3.5. (High Probability Bound on Niya) For any parameters C > e? and o' > 1,

and any defective test placements Ts, under the choice M = (n/k:)%, we have Nigtal =

O (' k(n/k)"") with probability 1 — e~X"%).
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Proof. Consider a single non-defective sub-tree following a defective node, and let N, be the
number of nodes in the sub-tree such that itself and all its ancestors only appear in positive

tests (i.e., the number of nodes that lead to further branching). We have

P[Ny = ny] < P[3 a full MY/ ~D_tree reached with ny internal nodes] (3.13)
(a) / 1/n _i/ T
< (#full MY O _trees with ny internal nodes) - (C’ <E> K ) (3.14)
(b) / 1 /n 7% "
< Y=y Z (2 :
< (eM (&) (3.15)
¢ ny (d)
2 = (3.16)

where (a) applies Lemma 3.3.1 and the union bound, (b) applies Lemma 3.3.4, (c) is obtained
by substituting M = (n/ k)w;i7 and simplifying, and (d) holds since C' > e2. This implies
that NV, is a sub-exponential random variable. Since we have at most (7 — 1)k defective nodes
inlevels I = 1,...,7 — 1, we are adding together O(7'k) independent copies of such random
variables (each corresponding to a different non-defective sub-tree following a defective node).*

Letting Nb(i) denote the i-th copy, we can apply a standard concentration bound for sums of

independent sub-exponential random variables [32, Prop. 5.16] to obtain

’ ’ t2
P[Nbﬂ) e _|_Nb(0(v R) > E[Nb“) N +Nb(o<»y R +1[Ts] < exp <Q<min{7/k,t}>>.
(3.17)
Setting t = ©('k), we get
PIND 44 NOOR) > gIND 4 NOOED) L ok Ts] < e 2R, (3.18)

Recall that each Néi) only counts “internal” nodes, whereas Nyya1 also counts leaves, so passing
from the former to the latter requires multiplying by the branching factor M/ ("'~ = (n/k)}/"".

Multiplying on both sides inside the probability in (3.18) accordingly, we obtain

1/7/ ’
P| Niogal > E[Niogal] + © (vk(Z) ) \7:9] < ), (3.19)

Substituting E[Niotal] = O(v’k‘(n/k‘)l/“VI) (see Lemma 3.3.3) into (3.19), we obtain the desired

result. O

We do not consider the non-defective nodes at level | = 1, because they are guaranteed to be identified

correctly as a result of individual testing of nodes.
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We now briefly consider level I = 4/ — 1, which uses T}, = ~'k(n/k)}/"? tests (see Figure
3.1). Since |[PDY' V| < Nigtal + k holds trivially, Lemma 3.3.5 implies that [PDO' Y| =
O(”y’k(n/k)l/“yl) with probability 1 — e~2("'%) Using the same argument as Lemma 3.3.1, the
probability of a non-defective node being in a positive test at level [ = 4 — 1 is at most
k/TL. = (1/7')(n/k)~'/7". Hence, conditioned on |PDO' V| = O(v’k(n/k‘)lml), the number of

non-defective nodes placed in a positive test is stochastically dominated by

Binomial (o (V’k(%) Y Vl), 71,(2) _W>. (3.20)

By a multiplicative form of Chernoff bound, the number of such non-defective nodes in DO~
is O(k) with probability at least 1 — e ?®*)_ Since the branching factor is (n/k)Y/?, it follows

that the number of non-defective nodes in PD") behaves as O(k(n/k)Y/).

3.3.2 Analysis of the Final Level

Recall that at the final level, we perform v —+’ + 1 independent sequences of tests of length

T/l

o, with each item being randomly placed in one of these T}! tests. Conditioned on the

high probability event that [PD)| = O(k(n/k)'/""), we study the required Ty!  for a vanishing
error probability. Specifically, we upper bound the error probability by O(f,,) for some decaying
function 3, — 0 as n — oo.

For a given non-defective item and a given sequence of T  tests, the probability of colliding

len

with any defective item is at most k/T}/ by the same argument as Lemma 3.3.1. Due to the

len
~—~"+ 1 independent repetitions, the probability of a given non-defective item appearing only
in positive tests is at most (k/7}’ )*~7'*'. By a union bound over O(k(n/k)'/?") non-defective

items at the final level, we find that the estimate S differs from S with (conditional) probability

O(k:(n/k)lh/(k/Tl’én)V_VlH). The error probability is thus upper bounded by O(/3,) provided

that
HE) () e 20
—T > k( ;r ) T (%) TeT (3.22)

1

1
Hence, we set T}, = k(k/fB,) ="+ (n/k)7"G="+1.
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3.3.3 Number of Tests, Error Probability, and Decoding Time

e Number of tests: For [ =1,...,7 — 1, we used a total of n/M + C(y' — 3)k(n/k)"/7" +

/ / 21
v'k(n/k)Y/7" tests, which scales as O(y'k(n/k)'/7") by substituting M = (n/k)VV’ and

1
C = O(1). For the final level, we used (y—+'+1)T}., = O('yk(k:/ﬁn)v*vl’+1 (n/k)77G=7"+1D)

1 1
= k(k/Bp) ="+ (n/k)»"&=>"+1 . Combining these, we obtain

7= o(hmac{ ()7 (£) 77 (1)), (3.23

e Error probability: The concentration bound on Niya (see Lemma 3.3.5) holds with

: 1!
tests, since T},

probability 1 — 6_9(7/’“), and at level [ = 7/ — 1, we incur e (k)

error probability. Fur-
thermore, the final stage incurs O(f,,) error (conditional) probability. In total, we incur

B 4+ e R 4 o=k — O(B,,) + e ) error probability.

e Decoding time: We claim that conditioned on the high-probability events above (in
particular, Nigta = O('y/k:(n/k)l/“*/)), the decoding time is O(’y/@(n/k‘)l/y). Since we
consider the word-RAM model, it takes constant time to check whether each defective
node or non-defective node is in a positive or negative test. First considering the levels
I =2,...,7 — 1, we reached Nipta = O(fy’k(n/k)lh/) non-defective nodes and O(y'k)
defective nodes, which leads to a total of O(y'k(n/k)"/ 7/) decoding time. At level [ =1,
we iterate through 7 = O(k(n/k)l/vl) nodes, and at the final level | =+, for each of the
O(k:(n/k‘)lh/) relevant leaf nodes, we perform v —+'+1 = O(«) checks of tests for a total

time of O (vk(n/ k)Y 7,). Combining these terms, we deduce the desired claim.
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Chapter 4

Algorithm for Size-Constrained

Tests

In the case of size-constrained tests, we again modify the tree structure (see Figure 4.1), and

the main differences from the standard noiseless algorithm [7, 8] are as follows:

e The first level after the root is chosen to have groups of size p, since testing even a single
larger-sized group is impossible. In addition, at this level with nodes of size p, we test
each node individually, thereby guaranteeing that we only “continue” down the tree for

defective nodes at that level.

e We use non-binary splitting, geometrically decreasing the node size at each level until the
final level with size one. We limit the number of levels to be O(1), whereas binary splitting
would require O(log p) levels, and (at least when using a similar level-by-level test design)

would increase the number of tests by an O(log p) factor.

e We do not independently place nodes into tests, since doing so would cause a positive
probability of violating the p-sized test constraint. Instead, at each level, we create a
random testing sub-matrix with a column weight of exactly one, and a row weight exactly

equal to to A similar doubly-constant test design was also adopted in [2], but

__pP
node size *

without the tree structure.
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e Similarly to the noisy setting in Section 2, we use N independent sequences of tests at

each level, which helps to reduce the error probability.

. We now proceed with a more detailed description.

4.1 Description of the Algorithm

Our algorithm works with a tree structure (see Figure 4.1) similar to previous sections. The
j-th node at the [-th level is again denoted by Q](-l). A distinction here as that the tree only has
a constant depth, with the final index denoted by C' = O(1); hence, the splits are p'/C-ary.!
More importantly, there are key differences in the allocation of items to tests, which we describe
as follows.

At each level [, we perform N independent iterations to boost the error probability, as
mentioned above. Within each iteration, we make use of a random matrix, which we write as
X = [:cg)] € {0, 1}#testsx#modes (the dependence on the iteration number is left implicit), where
#tests = n/p and #nodes = pl—Ll/C" We pick X; by sampling uniformly from all % X pl%/c
matrices with exactly pl/ ¢ nodes per test (i.e., a row weight of pl/ C), and each node sampled
exactly once (i.e., a column weight of one). These choices ensure that each test contains at
most p items, as required. The column weight of one is not strictly imposed by the testing
constraints, but helps in avoiding “bad” events where some nodes are not tested.

With this notation in place, the testing procedure is formally described in Algorithm 5, and

the decoding procedure is described in Algorithm 6.

4.2 Algorithmic Guarantees

We are now ready to state our main result for the case of size-constrained tests. In this case,

Q(1)

we slightly strengthen the assumption k& = o(n) to k = n'=*(1) and we slightly strengthen the

assumption p = o(%) (see the discussion following (1.2)) to p = (n/ k)=, These additional

!For notational convenience, we assume that p'/¢ is an integer. Since we already assumed that p is a power
of two, if p = O(1), then it will suffice to let C be that power (see Lemma 4.3.2, in which we handle the case

p = O(1) separately). Otherwise, if p = w(1), then the effect of rounding is insignificant since C = O(1).
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Tree Structure: Test Matrices:

n/p tests

Nx X, per level

l=C@.....................@ C'x Xq

Figure 4.1: Tree structure of our algorithm. From the second level onwards, the branching

factor is p'/€.

n

restrictions only rule out scaling regimes that are very close to linear (e.g., k = Togn

), and were

similarly imposed in [2].

Theorem 4.2.1. (Algorithmic guarantees) Let S be a (defective) subset of {1,...,n} of cardi-
nality k = O(n'=) for some ¢; € (0,1] and the test size constraint be p = O((n/k)'~2) for
some €3 € (0,1]. For any ¢ > 0, there exist choices of C,C', N = O(1) such that with O(n/p)

tests, the preceding algorithm satisfies the following with probability at least 1 — O(n_c) :
e The returned estimate S equals S;
e The decoding time is O(n/p) ;

As summarized in Table 1.2, this is the first algorithm to attain O(n/ p) scaling in both the

number of tests and the decoding time.

4.3 Analysis

We start at level [ = 0 (see Figure 4.1), where we note that the probability of a non-defective
node being placed in a positive test is zero because each node is placed in its own individual

test. For subsequent levels, we proceed with the following lemma.

Lemma 4.3.1. (Probabilities of Non-Defectives Being in Positive Tests) Under the above test
design, for any given level I = 1,...,C and any iteration indexed by {1,...,N}, each non-

defective node has probability at most kp/n of being placed in a positive test.
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Algorithm 5 Testing procedure for p-sized tests
Require: Number of items n, number of defective items k, and maximal test size p

1: At level [ = 0 (see Figure 4.1), perform an individual test for each node.
2: for each I =1,...,C — 1 (for some constant C' chosen later) do

3:  for each iteration in {1,..., N} (for some constant N > 1) do

4: Pick a new X; of size % X p1—+/07 with column weight 1 and row weight p!/¢.

5: for each row ¢ in X; do

l
W=,

6: Conduct a single test for the mixture of nodes g](l) with =
7. Set [ = C (final level)
8: for each iteration in {1,...,C"} (for some constant C’ chosen later) do

9:  Pick a new X¢ of size % x n, with column weight 1 and row weight p.

10:  for each row t in X¢ do

W1,

11: Conduct a single test for the mixture of (singleton) nodes g](l) with z,/ =

Proof. At any given level [ = 1,...,C, the probability that a non-defective node u collides (i.e.,

in the same test) with a given defective node v is

(pl_#/c—Z) Hn/p_l (,g—#/c_iﬂl/c)
#matrices with v & v in test 1 (a) \ p/c_2 i=1 P/ C (41)
#matrices with v in test 1 N (F;_%—l) Hn/p—l (pl_%/c—ipl/c) )
pl/C 1 1=1 pl/C
_n___9
1—1/C
(e s ) w -1
= 7 = —F (4.2)
(e e 1
pl/C 1 P
e -1\ ©
So(peryen »
n p/ — p/n n

where:

e (a) follows by considering the rows of the matrix X; (of size 2 x pl_Ll/c, column weight

p
one, and row weight p!/ ¢ sequentially to count the number of possible matrices. For the
numerator, we start with the first row, where v and v collide. The number of ways to
fill this row (i.e., assigning items to this test) is the first term in the numerator. For the

remaining n/p — 1 rows, in any particular order, the number of ways to fill those rows

(while maintaining column weights of one) is represented by the second product term.
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Algorithm 6 Decoding procedure for p-sized tests

Require: Outcomes of T' non-adaptive tests, number of items n, number of defective items k,

and maximal test size p
1: Initialize PDO) = {QJ(-O)};Z?
2: for each group G € PDO) do
3. if the single test of G is positive then add all children of G to PDM
4: forl=1,...,C—1do
5. for each group G € PDY do
6: if all N tests of G are positive then add all children of G to pp+1)
7. Let the estimate S be the set of elements in PD(©) that are not included in any negative

test at the final level.

8: Return §

The same analysis is then repeated for the denominator.

e (b) follows by expanding the binomial coefficient in terms of factorials, and then simpli-

fying.
e (c) follows from the fact that p/n < 1.

Since there are at most k defective nodes, by the union bound, we get the probability that a

non-defective node collides with any defective node is at most kp/n. O
The following technical lemma will also be used on several occasions.

Lemma 4.3.2. For any k and p satisfying k = O(n'=<) for some e¢; € (0,1] and p =

O((n/k)'=<2) for some e € (0,1], we have the following:

kp'/C _ —0(1).
n/p n ’

e For sufficiently large C, we have

e For any (1 > 0, we have for sufficiently large C and N that pl/c(k )N = O(n=%).

n
In addition, if p = O(1), then the same holds true for any fired C > 0, only requiring N to be

sufficiently large in the second part.
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Proof. For the first part, we write

€2

n/p  njk (:)Q<<n)€2lc

kp1/c - p1+1/c k

> W (neree=22), (4.4)

where (a) is by substituting p = O((n/k)'~%2) and simplifying, and (b) is by substituting
k= O(nlfﬂ) and simplifying. Note that the power is positive for sufficiently large C.

For the second part, we write

1_62 —€ —€
M) ol () ) LoptE ), (45)

where (a) is by substituting p = O((n/k)'~%) and simplifying, and (b) is by substituting

k = O(nlfq) and simplifying. Note that the power can be made arbitrarily negative by
choosing N and C' sufficiently large.

For the final part regarding p = O(1), we simply note that the two claims reduce to (i)
% = =2 and (ii) (%)N = O(n~%) for sufficiently large N. Both of these are true since

k=0(n'"). o

We will show that throughout the course of the algorithm, for levels [ = 1,...,C, the size
of the possibly defective set PDY remains at O(k:pl/ C) with high probability. We show this

using an induction argument.

4.3.1 Analysis of Levels [ =1,...,C -1

For the base case [ = 1, we start by looking at the preceding level [ = 0. Each node at level [ = 0
is allocated to an individual test, which implies that all nodes in [ = 0 are identified correctly.
Hence, only the children of the defective nodes in I = 0 are “explored” further in [ = 1. Since

1/C ¢hildren, we have

the number of defective nodes in I = 0 is at most k£ and each node has p
|PDW| < kp'/©.

Consider a non-defective node indexed by 7 at a given level [ > 1 having k' < k defective
nodes, and let A; be the indicator random variable of that non-defective node colliding with at
least one defective node in all of its N repetitions. The dependence of these quantities on [ is

left implicit. We condition on all of the test placements performed at the earlier levels, writing

E;[] for the conditional expectation. By the inductive hypothesis, we have |[PDW| = O(kpl/ C).
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Lemma 4.3.3. Under the preceding setup and definitions, if ]PD(Z)\ = O(k:pl/c), then we have

Lo\ N
B[ 4] = o(ke- ()"). (4.6)
K3
Proof. From Lemma 4.3.1, we know that a given non-defective item ¢ has a probability at most

kp/n of being placed in a positive test. Since we used N independent test design matrices X;

to assign i to N tests, we have P;[A4;] < (kp/n)™. Hence, we have

1 1= o Ep\N _ o (kp\N
EI[XZ_:AZ}—;Ez[Az]—zi:Pz[Az—l]gzi:(n) —O<kp (=5) ) (4.7)
where we used the linearity of expectation and the fact that [PDW| = O(kpl/ 9. O

Lemma 4.3.4. For any constant (1 > 0, there exist choices of C and N such that the following
holds: Conditioned on the l-th level having \PD(Z)| = O(kpl/c), the same is true at the (I+1)-th

level with probability 1 — O(n_<1).

Proof. Among the possibly defective nodes at the [-th level, at most k are defective, amounting

/€ children at the next level. Furthermore, by Lemma 4.3.3 and Markov’s

to at most kp
inequality, at most k non-defective nodes are marked as possibly defective, with probability at

least

1- 0<p1/0(kp)N> —1-0(n~%), (4.8)

n

where the equality holds for any ¢; > 0 by suitable choices of C' and N (see Lemma 4.3.2).

1/C

Thus, this also amounts to at most kp~/“ additional children at the next level. Summing these

together, we have |[PDUHY| < 2kp!/C | with probability at least 1 — O(n=%). O

By induction, for any given level I, we have [PD®)| = O(k:pl/ C) with conditional probability
at least 1 — O(n~¢!). Taking a union bound over all C' levels (with C'= O(1)), the same follows

for all levels simultaneously with probability at least 1 — O(n_<1).

4.3.2 Analysis of the Final Level

Recall that at the final level, we perform C'n/p tests. We study the error probability conditioned

on the high-probability event |PD)| = O(kpl/c).
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For a given non-defective item in a single iteration of the C’ independent iterations of tests,
by Lemma 4.3.1, the probability of appearing in a positive test is at most kp/n. Since the
non-defective item participates in C’ independent tests, the probability of it appearing only in
positive tests is (kp/n)¢". By a union bound over the O(k:pl/ C) non-defective singletons at the

final level, the error probability is upper bounded by

O(kpl/o (";f)c> — O(n~%), (4.9)

where the equality holds for any (5 > 0 and suitably-chosen C' and C” due to Lemma 4.3.2 (with

C’ replacing N).

4.3.3 Number of Tests, Error Probability, and Decoding Time

e Number of tests: We used C'Nn/p tests in the first C' levels and C'n/p tests in the final

level, which sums up to CNn/p+ C'n/p = O(n/p).

e Error probability: For each level I, we have |[PDY| = O(k‘pl/c) with probability 1 —
O(n_@). Furthermore, the final level incurs O(n_CQ) error probability. This gives us a
total error probability of O(n™% + n=%2) = O(n™¢), where ( = min{(1,(2}. Since we

allowed (1 and (s to be arbitrarily large, the same holds for (.

e Decoding time: The decoding time is dominated by the test outcome checks in our
decoding procedure. For the first level [ = 0, we have |73D(0)\ = n/p, which is equivalent to
the total number of test outcome checks. For the remaining C'—1 levels [ € {1,...,C -1},
we considered a total of O(k‘pl/ C) possibly defective nodes w.h.p., and for each possibly
defective item, we conducted N test outcome checks. This gives us total number of
O(kpl/ C) test outcome checks. At the final level, for each of the O(kpl/ C) relevant leaf
nodes, we perform C’ test outcome checks for a total time of O(kpl/ C). Summing these
gives O(n/p), since O(k‘pl/c) = o(n/p) for a sufficiently large C (refer to (4.4)). Since
it takes O(1) time to check whether each node is in a positive or negative test, we get a

total decoding time of O(n/p).
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Chapter 5

Storage Reductions via Hashing

In order to reduce the storage, we make one modification to each algorithm. Instead of storing
the test outcomes of every node, we interpret the node-to-test mappings at each level (except for
one-to-one mappings) as hash functions. Since the high storage comes from explicitly storing
the corresponding test outcomes of nodes, the key to reducing the overall storage is to use
lower storage hash families. The reduced storage comes at the expense of reduced independence
between different hash values. This drawback has a negligible effect on the guarantees of our
algorithm under the noisy setting and size-constrained tests constraint, as the proofs of Theorem
2.2.1 and Theorem 4.2.1 require only pairwise independence or weaker. However, the drawback
is significant for our algorithm under the finitely divisible items constraint, as our proof of

Theorem 3.2.1 uses full independence.

5.1 Noisy Setting

For levels I = log, k, . . ., logy n, we interpret the node-to-test mappings {1,...,2!} — {1,...,Ck}

at each level as hash functions.

5.1.1 Algorithmic Guarantees

With the hashing modification to the algorithm, we have the following counterpart to Theorem

2.2.1:
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Theorem 5.1.1. (Algorithmic guarantees) Let S be a (defective) subset of {1,...,n} of car-
dinality k = o(n). For any constants € > 0 and t > 0 satisfying et > 1, there exists choices
of C,C',N = O(1) and r = O(logk + loglogn) such that with O(klogn) tests, the algorithm
adapted from Section 2.1, with a O(1)-wise independent hash family satisfies the following with

probability at least 1 — O((klog %)l_d) :
o The returned estimate S equals S;

e The decoding time is O(Thash (/ﬂlog%)lJre), where Thash 1S the evaluation time for one

hash value;

e The storage required is O(Spash logn + klog? n) bits, where Spash s the number of bits of

storage required for one hash function.

We briefly discuss some explicit values that can be attained for Ty,q, and Syasn. Suppose that
all variables are powers of two, we can adopt the classical approach of Wegman and Carter [33],
and consider a random polynomial over the Galois field GF(2"), where m € {log, k, ... ,logyn}
(depending on the level). In this case, one attains d-wise independence by storing d elements
of GF(2™) (or O(dlogn) bits), and performing O(d) additions and multiplications in GF(2™)

to evaluate the hash. As a result, with d = 2, we get
Thash = O(1) and Spagn = O(logn), (5.1)

under the assumption that operations in GF(2™) can be performed in constant time. Hence,

Theorem 5.1.1 gives O((k:log n)”e) decoding time and O(klog?n) storage.

5.1.2 Outline of Analysis

The lengths of the test sequences remain the same, which implies that there are no changes to the
number of tests required. Since the hash family is (at least) pairwise independent, our analysis
of the error probability for Theorem 2.2.1 still holds. This implies that there is no change to the
scaling of the error probability either. The analysis of the decoding time is also similar to that of

Theorem 2.2.1, except that each test outcome check (i.e., a hash) takes Tyag, time to compute.
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Hence, the decoding time is O(Thash (k log %) He). The main change is in the storage. Recalling
that we use N = O(1) hashes at each level except the last, and C'Nlogyn = O(logn) hashes
at the final level, for a total of O(logy %) 4+ O(logn) = O(log n) hashes, requiring O(Spash log n)
bits of storage. In addition, for any level I, we know that \PD(Z)| = O(klogn) w.h.p. Hence,
the storage required for the possibly defective set is O(klogn) integers, or O(klog®n) bits. The

total storage required is O(Spasn logn + klog? n) bits.

5.2 Finitely Divisible Items

We make a slight modification to the algorithm: At the second last level | = 7 — 1, we set the

length of our test sequence to Ck(n/k)'/7" (ie., T

len

= Tien). With this modification, for levels
l=2,...,7—1, we interpret the node-to-test mappings {1, ey k(%)l/wl} — {1, ey C’k(%)l/wl}
at each level as hash functions. Similarly, for the final level, we interpret the node-to-test

mappings {1,...,n} = {1,..., T}

v} as hash functions

5.2.1 Algorithmic Guarantees

With the hashing modification to the algorithm, we have the following counterpart to Theorem

3.2.1:

Theorem 5.2.1. (Algorithmic guarantees) Let S be a fized (defective) subset of {1,...,n} of
cardinality k, let v = o(logn) (with v > 3) be the maximum number of times each item can be
tested, fix v € {3,...,7}, and any function B, decaying as n increases. There exists a choice

Of Tlen; T

len’

and Tj! such that with

v =0y { (1) (5) 77 (1)), 52)

the algorithm adapted from Section 3.1, with a O(vy)-wise independent hash family, yields the

2

following with probability at least 1 — O(v/k + By):

o The returned estimate S equals S;

e The decoding time is O(Thash’yk(n/k:)l/“/), where Tyash 1S the evaluation time for one hash

value;
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o The storage required is O(k:(n/k:)lh/ logn—i—Shash’y) bits, where Syash 18 the number of bits

of storage required for one hash function.

We conduct a one-to-one map for I = 1 and start the hashing from the second level on-
wards. For the other levels, we consider a random polynomial over the Galois field GF(2™) (see
paragraph above (5.1) for more details), where m € {log, (k(%)QM/), ...,logyn} (depending
on the level). By storing O(7) elements of GF(2™) (or O(ylogn) bits), we attain O(y)-wise

independence, and get
Thash = O(’Y) and Shash = 0(7 log TL), (53)

under the assumption that operations in GF(2") can be performed in constant time. Hence,
Theorem 5.2.1 gives O(’yzk(n/k)l/”yl) decoding time and O((k(n/k)l/”yl + 7?) logn) bits of
storage. Minor improvements could be made to the scaling of decoding time and storage by

considering the multi-point evaluation of polynomials as in [7].

5.2.2 Analysis

At [ =1, the probability of a non-defective node being placed in a positive test is zero because
each node is placed in its own individual test. We will show that throughout the course of the
algorithm for levels [ = 2,...,7/, the size of our PDY set remains at O(k(n/k)l/Vl) with high
probability. We will show this using an induction argument.

For the base case | = 2, we start by looking at the preceding level. Each node in the
previous level [ = 1 is allocated to an individual test, which implies that all nodes in [ = 1
are identified correctly. Hence, only the children of the defective nodes in [ = 1 are “explored”
further in [ = 2. Since the number of defective nodes in I = 1 is at most k& and each node has
MYO'=1 = (n/k)YY children, we have |PD?| < k(n/k)Y7 .

Consider two non-defective nodes indexed by u and v at a given level [ having k' < k
defective nodes. Let A, and A, be the indicator random variables of v and v colliding with
any defective node respectively. The dependence of these quantities on [ is left implicit. We

condition on all of the test placements performed at the earlier levels, accordingly E;[-] and
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Var[-] for the conditional expectation and conditional variance. By the inductive hypothesis,

we have |[PDW| = O(k(n/k)l/'Y/)_

Lemma 5.2.2. Under the preceding setup and definitions, if |PDY| = O(k(n/k)l/V/), then we

have

o [ZAU} = O(k) and Var [ZAu] = O(k), (5.4)
where the sums are over all non-defective nodes in PDWY.

Proof. For ease of notation, we leave the subscripts (-); implicit throughout the proof, but the
associated conditioning is understood to apply to all probabilities, expectations, variance terms,
and so on.

We first prove E[Y, A,] = O(k). The event A, occurs if u is hashed into the same
test as any of the K’ < k defective nodes. Since we are hashing into {1, ... ,C’k(n/l{:)lm'}
and the hash family is (at least) pairwise independent, each collision occurs with probability
(1/(Ck))(n/k)~'/7". Hence, by the union bound over all k" defective nodes, u is in a positive
test with probability at most (1/C)(n/k)~'/7". We then have

~o(s(2) ")) - om

_ 1
7

E,[ZAU} =) E[A) =) P[4 < Z%(%) '

(5.5)
As for Var;[ Y, |, we first characterize Cov[A,, A,], writing
Cov[Ay, Ay] = E[Ay, Ay] — E[A,)E[A,] (5.6)
= P[Au N Av] - P[Au]P[Av] (5'7)
@ PlAu] + PlA] - P[4, U A,] - PlAJP(AL], (538)

where (a) is by the inclusion-exclusion principle. We proceed by bounding P[A,] (the same
bound holds for P[A4,]) and P[4, U A,] separately.
Probability of the individual event: Fix a non-defective node u. Let h(:) denote the

random hash function with output values in {1, ..., Ck(n/ k:)l/ 7/}, and for each defective node
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indexed by i € {1,...,k'}, let B; be the “bad” event that h(i) = h(u). We apply the inclusion-
exclusion principle, which is written in terms of the following quantities for j = 1,..., k'
T,= Y  P[B,N---NBy). (5.9)
1<y <<y <K/

If the hash function is (j + 1)-wise independent, this simplifies to

- ()0

Hence, if the hash function is (jmax + 1)-wise independent for some jyax, then the inclusion-

exclusion principle gives

P[Au]zp[ U BZ}< (—1)+1T; (5.11)

_3 (’;) (;k (Z)”l’)j, (5.12)

=1

<.

for odd-valued jmax, and the reverse inequality for the even-valued j.x. Using the fact that
/ . ’ n 1/~'\ 1
S ) (G ()Y
=1-(1- (ﬁ(%)l/wl)k/, we can write (5.12) as
1 rny-2\" ul N AYENIINY
PA)<1—-(1-——=(-) ") - —1)tt — (=) . 5.13
wrsi- (-7 (7)) - X e (G)(&E) e

The final term can then be bounded as follows in absolute value:

2 (@@ £, OGE) o

j:jmax+1 j:jmax+1
(@ & 1 J
2 5 () 19
j:jmax"rl
n\ —1/9"\ jmax—+1
o Gy y
- 1 (n\—1/7 (5.16)
1-5(%)
© /1 /n _$ Jmax
< <C(k ) : (5.17)

where (a) uses (’;/) < (k') and k' < k, (b) applies the geometric series formula, and (c) holds for
C > 2(n/k)~'/"" (i.e., any positive integer C'). We can upper bound (5.17) by any target value

§ provided that jmax > (logd)/(& (%)71/ 7/). Recall also that (5.13) is reversed for even-valued
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Jmax, SO loosening the preceding requirement to jmax > {(log 0)/log (% (%)_1”,)] + 1 gives

1- <1 - Clk(;‘)”l>k S <PlA)<1-— (1 - C}k(:)”l>k + 6. (5.18)

Since w is arbitrary, the same bound also holds for P[A4,].

Probability of the union of two events: We can decompose P[4, U A,] as follows:

PlA, U A,] = (1 - Cf,f(Z)_”l')P[Au U Aylh(u) # h(v)]

+ é(g)_%mu U Aylh(u) = h(v)] (5.19)
= B4y U Alh(u) # b)) + o (

1

2) 7 (PlAL U Ay fh(w) = h(v)]

— P[A, U Ay|h(u) # h(v)]). (5.20)
To simplify (5.20), we look at the probability terms separately. We first focus on the case
h(uw) = h(v). Similar to the above, let B] be the “bad” event that h(i) = h(u) (and hence also
equals h(v)), and define

Tj= Y P[Bjn---nB|h(u) = h(v)]. (5.21)

J
1<in <<y <K/

If the hash function is (j + 2)-wise independent, this simplifies to

=)&)

which is the same as (5.10). Following a similar argument from (5.11) to (5.18), we find that
if (1) C > 2(n/k)"YY, (i) jmax > [(log6)/log (%(%)_l/yﬂ + 1, and (iii) the hash function is

(Jmax + 2)-wise independent, then the following holds:

1

1 <1 - Cll{:(Z)_”ly ~§ < P[A, U A|h(u) = h(v)] <1 — <1 - Cllc@)_”)k 6 (5.23)

Next, we focus on the case h(u) # h(v). Similar to the above, let B} be the “bad” event

that h(i) € {h(u), h(v)}, and define

Tj= > P[Bn---n0B/|h(u) # h(v)]. (5.24)

J
1<y << <K/

If the hash function is (j + 2)-wise independent, this simplifies to

5~ ()0 )
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where the factor of two comes from the possibility of colliding with either v or v. Following

the same argument from (5.11) to (5.18), we find that if (i) C > 4(n/k)"YY, (i) jmax >

[(log 6)/ log (% (%)*1/7')] + 1, and (iii) the hash function is (jmax + 2)-wise independent, then
the following analog of (5.18) holds:

1 1
7

= <1 - (;(Z)_y 5 < P[Ay U Aglh(u) £ h(v)] < 1— <1 _ é(%)_ )k +65 (5.26)

With the simplified probabilities, we get the following:

._é;(Z)i)H-%OoD> (5.27)
+ 0(6) (5.28)
2 (1-0((2) 1)) - (1-0((%) 7)) +ow) (5.29)
“o(() ) 53

where (a) applies a first order Taylor expansion, and (b) assumes that § = o((n/k)~*/7"). Using

(5.26), (5.30), and (5.20), we deduce

PlA,UA,] =1 (1 _ é(’;)‘)k +0(5) — Clk(Z)”l/o«Z)”l’) (5.31)
- <1—C?k(’;)5’>k/+0(5)—0<;(2)3’>. (5.32)

Combining and simplifying: Setting § = (1/k)(n/k)~%/7" and

n\—2/7
; _{ log § erl_O(log(i(k) /7)> (5.33)
max — n\—1 ’ o n)—1 ' .
log (2(2) ") log (#(3) ")
::<bﬂ%$bﬂw>20(7%ﬂ7) (5.34)
log C + 7 log (%) logn —log & |
@ 0(y') = 0(3), (539

where (a) where k& = o(n) implies that we can only have either logk = O(logn) or logk =

o(logn). In both cases, we have % = O(1). Combining the this result with the above
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findings from (5.13) and (5.32), we deduce that for a O(y)-wise independent hash,

PlA,] =1— (1 - Clk(;‘)y + 0(2(2)) (5.36)

1 2

P[A, UA,] =1— (1-5{(2)”’)”+0<;(2)”’> (5.37)

The idea in the following is to approximate 1 — for w = 1,2,

Ck(n;Uk)l/’Y' ~exp (- Ck(n;uk)l/’Y')

and substitute into (5.8). To make this more precise, we use the fact that &’ < k to write the

(Z)”2>>>k (5.38)
)_”2>> (5.39)
1 )

E<% 3’))(1 to(1))  (5.40)

E ) o1 )

where (a) uses € = (1 + z)(1 + o(1)) when = o(1). Applying a similar argument to 1 —

following for w = 1:

2 T ]
TR/ R and substituting into (5.8), we obtain

s =-on(- 5050 )
B <1 _eXp<_ ci(g)_» +O<i<2)_”') (5.42)
- O<11<: (Z)_3> (5.43)

since the first three terms cancel upon expanding the square. The proof is concluded by writing

Var| Y- 4,] = " Var[4,] + Y CovlA,, A, (5.44)
u u uv
a n L/ n *L/ n 1/ n 7%
o () AN ) e
~ O(k), (5.46)

where (a) is because there are O(k(n/k)lh,) values of u by assumption, and Var[4,] <P[A4,] =

O((n/k)=47"). O
Given Lemma 5.2.2; we easily deduce the following.
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Lemma 5.2.3. For a sufficiently large C, conditioned on |[PDW| = O(k(n/k:)lm,), the same is

true for [PDUFV| with probability 1 — O(k1).

Proof. Among the possibly defective nodes at the [-th level, at most k are defective, amounting
to at most k(n/k)Y/?" children at the next level. By Lemma 5.2.2 and Chebyshev’s inequality,
with probability 1 — O(k~1), O(k) non-defective nodes are marked as possibly defective, thus

also amount to O(k(n/k)lh,) at the next level, for a total of O(k(n/k)l/W,). O

Error Probability: By induction, for all levels I, we have |[PDW| = O(k(n/ k)Y 7/) with
probability at least 1 — O(k~!). Taking union bound over all O(v) levels, the same follows for

all levels simultaneously with probability 1 — O(v/k).

1 1
Recall that by choosing T}’ = k(k/B,)="+1(n/k)"“="+D | we attain f3,, error probability
at the final level. The analysis of the final level in Section 3.3.2 did not rely on h(-) being a
fully independent hash function, but rather, only relied on the condition of collision probability

k/T”

1oy between any given two nodes. Since this condition still holds for any pairwise (or higher)

independent hash family, we immediately deduce the same conclusion: Conditioned on the final
level having O (k(n/ k)Y 7/) nodes marked as possibly defective, we attain f3,, error probability.

Combining the above, we get a total error probability of O(v/k + (3,,), which is in o(1) if
3/l = o(1).

Number of Tests, Decoding Time, and Storage:

e Number of tests: Despite decreasing T}, , the scaling of tests remains the same as the

fully independent case, which is

7= o(shmac{ (2)7 (£) 77 (1)), (547

e Decoding time: Since we reached O(’y’k(n/k))lml) nodes in the first 4/ — 1 levels and

O(k(n/ k)Y 7/) nodes in the final level, we get the same scaling as the fully indepen-
dent case on the number of times we check the test outcome of each node. In this
case, each check (hash) takes Tpasn time to compute. Hence, the total decoding time
is O(Thash’yk(n/ k)l/ 7/). Note that we assume that the one-to-one node-to-test mapping

function at [ = 1 takes O(1) time per map.
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e Storage: We use one hash at each level except the last, and O(y) hashes at the final
level, for a total of O(v) hashes, requiring (Spasny). In addition, under the high proba-
bility event that there are O(k(n/k)Y/ 7/) possibly defective nodes at each level. Hence,
the storage of the possibly defective set requires O(k:(n/k‘)l/“’/) integers in {1,...,n}, or
O(k:(n/k)lh/ logn) bits. Summing the storage up, we attain O(k:(n/k)lh/ 10g 1 + ShashY)
bits of total storage. Note that we assume that the one-to-one node-to-test mapping

function at [ = 1 takes O(1) storage.

5.3 Size-Constrained Tests

Forlevels! =1, ..., C, we interpret the node-to-test mappings {1, e ,n/plfl/c} —{1,...,n/p}
at each level as hash functions. Since nodes are allocated to their tests using a matrix with
fixed row and column weights, we take extra care to ensure that these constraints are satisfied

by our hash function. To achieve this we first define the following:

Definition 5.3.1. (Approximately pairwise-independent permutation) Fix m, and let 7 :
{1,...,m} = {1,...,m} be a random permutation. We say that 7 is approzimately pairwise-

independent if, for any 7,47’ € {1,...,m} and any integer ¢, we have P[|7 (i) — 7 (i")| < t] < 4t/m.

It is well known that such permutations exist in the form of a simple modulo-m multiplica-

tion; we will specifically use the following lemma from [34].

Lemma 5.3.1. (Choice of permutation [34, Lemma 3.2]) Let m be a power of two, and define
(i) = o -4, where o is chosen uniformly at random from the odd numbers in {1,...,m}. Then

T s an approximately pairwise-independent random permutation.

5.3.1 Algorithmic Guarantees

With the hashing modification to the algorithm, we have the following counterpart to Theorem

4.2.1:

Theorem 5.3.2. (Algorithmic guarantees) Let S be a (defective) subset of {1,...,n} of cardi-

nality k = O(n'~) for some e; € (0,1] and the test size constraint be p = O((n/k)'~2) for
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some €3 € (0,1]. For any ¢ > 0, there exists a choice of C,C’, N = O(1) such that with O(n/p)
tests, the algorithm adapted from Section 4.1, with an approximately pairwise-independent per-

mutation, satisfies the following with probability at least 1 — O(n*C):
o The returned estimate S equals S;
e The decoding time is O(Thashn/p), where Thash 1S the evaluation time for one hash value;

e The storage required is O(Spash + n/p) bits, where Syagn is the number of bits of storage

required for one hash function.

Using an approximately pairwise-independent permutation, we discuss some explicit values
that can be attained for Ty, and Spagn. For [ = 0, assuming that nodes are placed into tests in
an ordered manner (i.e., first node goes to the first test and so on), we can get the test outcome
of a given i-th node in O(1) time by checking the i-th test. At each level I € {1,...,C}, we
desire a hash function h; : {1, ... ,n/plfl/c} — {1,...,n/p} such at each bucket (test) has a
load (number of nodes) of exactly p!/C. This can be achieved by first applying the permutation
in Lemma 5.3.1 and then truncating the last (I/C)log, p bits of the permutation value. As
a result, we get Tpash = O(1) and Spasn = O(1), which together with Theorem 5.3.2 gives us

O(n/p) decoding time and O(n/p) storage.

5.3.2 Outline of Analysis

We start by noting that the length of test sequences remain the same, which implies that there
are no changes to the number of tests required. We introduce a corollary below before studying

the changes with the error probability, decoding time, and storage.

Corollary 5.3.2.1. For each level I € {1,...,C}, for any i,i' € {1,... ,n/pl_l/c}, we have

Plhy(i) = lu(i')] < 4p/n.

Proof. Recall that h; : {1, .. .,n/pl_l/c} —{1,...,n/p}. For any i,i' € {1,... 7n/pl_l/c}, we

have

—
=

Pliu(i) = (")) € Pn(i) — =(i')] < /€] 2 %,

(5.48)
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where (a) is because if i and i’ are in the same bucket, then all their bits except the last
(1/C)log, p bits are the same. Hence, 7(i) and m(i') can be at most p!/¢ (bucket size) apart.

(b) is by applying Definition 5.3.1. O

For [ =1,...,C, we use the hash function introduced above, where we interpret the node-
to-test mappings {1,...,n/p'""/“} = {1,...,n/p} as hash functions. By Corollary 5.3.2.1, we
see that the probability of a non-defective node colliding with a defective node is still in O(p/n).
By union bound over all defective nodes (k is the worst case), the probability of a non-defective
node being placed in a positive test is O(kp/n), which has the same scaling as the probability
presented in Lemma 4.3.1. Hence, the scaling of the error probability remains unchanged.

The analysis of the decoding time is similar to that of Theorem 4.2.1, but each hash takes
Thash time to compute. Hence, the decoding time is O(Thashn / ,0).

Regarding the storage, we use N = O(1) hashes at each level (except [ = 0 and | = C'), and
C’ = O(1) hashes at the final level, for a total of O(1) hashes, requiring O(Shasn) storage. In
addition, under the high probability event that there are O(kpl/ C) possibly defective nodes at
each level, their storage requires O(kp'/©) integers, or O(kp'/“logn) = O(n/p) bits (refer to
(4.4) to see why O(kp*/€) = O(n/p)). Note that we can ignore the logn factor because it is
negligible in the power of n as n — oo, which is used for comparison in (4.4). Hence, the total

storage requires O(Spasn + n/p) bits.
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Chapter 6

Conclusion

We have provided fast splitting algorithms for noisy and sparsity-constrained group testing,
significantly improving the decoding times of previous works while maintaining optimality or
near-optimality in the scaling of the number of tests. Two potentially interesting directions for

further work include:

e Develop a sublinear-time algorithm for the finitely-divisible setting that attains the stronger
bound of the DD algorithm [29, 1], rather than only that of the COMP algorithm (see

Table 1.2 and Figure 3.2).

e Handle the case that tests are simultaneously noisy and size-constrained. This appears to
be non-trivial, as our variations for the noisy and size-constrained settings currently do
not “fit together” nicely; the former looks w(1) levels down the tree, while the latter uses

a tree of depth O(1).
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